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A digraph algebra, or incidence algebra, is a subalgebra of a ﬁnite-
dimensional Cn-algebra which contains a maximal abelian self-adjoint
algebra (masa). Such a masa is uniquely determined up to inner unitary
equivalence and in this sense is intrinsic to the digraph algebra. By a regular
limit algebra we mean either an algebraic limit, or operator algebra limit of a
direct system ffk : Ak ! Akþ1 : k 2 Ng of digraph algebras with connecting
maps fk that are regular. This regularity constraint requires that each fk is
decomposable as a direct sum of elementary multiplicity one maps. For such
a system a choice of matrix units provides a distinguished regular masa of
the limit algebra and these masas (for a given system) are independent of
this choice in the sense of being unique up to approximate inner unitary
equivalence (see [8, Proposition 3.3]). We refer to these masas as standard
regular masas. An important problem for the classiﬁcation theory of limit
algebras is whether such a masa is intrinsic to the limit algebra itself, or,
alternatively, depends on the particular system deﬁning the algebra. More
succinctly put, are two standard regular masas of a limit algebra conjugate
by a star-extendible automorphism?
The signiﬁcance of this uniqueness is that in exact parallel with the ﬁnite-
dimensional case (wherein the masa induces an intrinsic digraph or binary1To whom correspondence should be addressed.
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HAWORTH AND POWER208relation) it leads to the well deﬁnedness of the spectrum, or semigroupoid, of
the algebra and thence to complete isomorphism invariants.
The uniqueness problem, which was ﬁrst indicated explicitly in [18], is
open for both algebraic and operator algebra limits. For self-adjoint limits,
both algebraic and closed, it is now known that standard regular masas are
unique, even to within approximate inner unitary equivalence, wherein the
automorphism a is realised as the limit map induced by a sequence of
unitaries. Thus aðÞ ¼ limk unkðÞuk for some sequence of unitaries uk 2 Ak:
This fact is due to Krieger [15] and a direct proof is given in [18]. However
for non-self-adjoint algebras, this stricter form of conjugacy may fail. This is
shown in [8, 19]. In the present article we resolve this strict uniqueness
problem and obtain necessary and sufﬁcient conditions for the uniqueness of
standard regular masas up to approximate inner unitary equivalence.
A standard regular masa in an AF Cn-algebra, as indicated above, is in
itself approximately ﬁnite and is regular in the usual sense that its normaliser
generates the ambient AF Cn-algebra. We point out that although there is a
converse to this in the algebraic limit case, there is no such converse for
operator algebra limits. That is, a regular AF masa in an AF Cn-algebra
need not be standard regular. We remark that the original terminology
‘‘regular’’, which has been borrowed for limit algebra embeddings,
originates from Dixmier’s considerations [5] of masa types in von Neumann
algebras.
The key notion that we need is that of functoriality for a family F of
connecting homomorphisms between building block algebras, as introduced
in [19]. Let AlglimF ðLimFÞ denote the set of all algebraic (norm closed)
limits created from direct systems of digraph algebras with connecting maps
taken from F: Functoriality ensures that if two algebras in AlglimF are
star extendibly isomorphic then this isomorphism is induced by a
commuting diagram in which all the maps belong toF: Our main theorems
here assert that regular masas are unique up to approximate inner
equivalence for the algebras of the algebraic category AlglimF if F is
functorial and algebras in the category LimF if F is approximately
functorial and a stability condition prevails. We also show that there is a
converse implication in the case of certain saturated families. The usefulness
of this connection lies in the fact that many families of maps are known to
be functorial, as we indicate.
In the next section we consider standard regular masas in algebraic limits
and in AF Cn-algebras. In Section 3 we obtain the main theorem, for
algebraic limits, that functoriality implies the approximate inner equivalence
of masas. In Sections 4 and 5 we give some applications to the classiﬁcation
of limit algebras both in terms of the spectrum invariant and the dimension
module approach in [19]. In Section 6 we consider operator algebra limits
and the uniqueness of masas for approximately functorial families. Useful
UNIQUENESS OF AF DIAGONALS 209references for the sequel are Davidson [4], for Cn-algebras, and Power [18]
for limit algebras.
2. STANDARD REGULAR AF MASAS
Let y : A1 ! A2 be a star-extendible homomorphism between digraph
algebras, that is, an algebra homomorphism that coincides with a restriction
of a Cn-algebra map from CnðA1Þ to CnðA2Þ: All maps are assumed
henceforth to be star extendible unless otherwise stated. Let us say that y has
multiplicity one if, for every projection p in A1 with rank one it follows that
yðpÞ has rank less than or equal to one. A map f : A1 ! A2 is said to be
regular, or 1-decomposable, if it admits a direct sum decomposition in terms
of multiplicity one maps. If CnðA1Þ is simple then such a decomposition is
unique up to inner conjugacy. In general, it is the multiplicity one
decomposition with the maximum number of summands that is unique up
to inner conjugacy.
Let fAk;fkg be a direct system of digraph algebras with regular maps
fk : Ak ! Akþ1: By regularity it is possible to choose masas Ck in Ak;
successively, so that fkðNCk ðAkÞÞ 
 NCkþ1 ðAkþ1Þ: Here NCðAÞ denotes the
partial isometry normaliser of C in A; that is, the set of partial isometries v
for which vnCv 
 C and vCvn 
 C: Note that if matrix units are chosen for
Ak so that the diagonal matrix units span Ck; then v 2 NCk ðAkÞ if and only if
v is a partial isometry which is a linear combination of matrix units with
unimodular coefﬁcients. With the choice of masas understood we say that
the map fk is a standard regular map.
The abelian algebra
C ¼ alg lim
!
ðCk;fkÞ
is a maximal abelian self-adjoint subalgebra (masa) of the regular limit
algebra
A ¼ alg lim
!
ðAk;fkÞ:
We refer to such a masa as a standard regular masa in A: Likewise, if A is the
closed limit algebra of the system then the closure C of C in A is referred to
as a standard regular masa.
In general, a masa in an operator algebra is said to be regular if its partial
isometry normaliser generates the algebra. The standard regular masas
above are clearly regular in this sense. Also, for algebraic limits we have the
following converse.
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and let C 
 A be a masa which is regular. Then C is a standard regular masa.
Proof. It follows from the hypothesis that there is a sequence fvng of
partial isometries in NCðAÞ such that the algebra generated by fvng is equal
to A: Let Ek be the algebra generated by fv1; . . . ; vkg and let Bk be the
Cn-algebra generated by fv1; . . . ; vkg: Then Bk is a ﬁnite-dimensional
Cn-algebra. Moreover, it contains a masa which is spanned by the operators
wnw where w is any ﬁnite product of operators from the set fv1; . . . ; vk; vn1 ;
. . . ; vnkg: Let %Ek be the algebra generated by Ek and this masa. Then %Ek is a
digraph algebra and the system f %Ek; ikg associated with the inclusions
ik : %Ek ! %Ekþ1 is a regular system determining A; and the masa
C ¼ alg lim
!
ðCk; ikÞ
is a standard regular masa in A: ]
It is well known that the regular masas in an AF Cn-algebra can be quite
diverse and in particular may contain no proper projections (see [1, 4]). On
the other hand, we now show that even AF regular masas in an AF Cn-
algebra may fail to be standard regular. To see this we need a proposition
which follows from Theorem 4.7 in [18].
Proposition 2.2. Let C be a standard regular (AF ) masa in the AF Cn-
algebra A and let B be a Cn-subalgebra of A containing C: Then B is an AF
Cn-algebra.
Recall that the 21 Bunce–Deddens Cn-algebra B can be realised as the
crossed product Cn-algebra CðS1ÞsaG where G is the dyadic subgroup of
the unit circle S1 in the complex plane, acting by rotation. It is an important
result of Kumjian [16] (which is also conveniently presented in [4]) that the
ﬂip automorphism s :B ! B determined by
sðf ÞðzÞ ¼ f ðzÞ; f 2 CðS1Þ;
sðugÞ ¼ ug1 ; g 2 G
gives a symmetry for which the crossed product As ¼ BssZ2 is an AF
Cn-algebra.
We now note that B contains an AF regular masa, D say, which is also an
AF regular masa for the AF Cn-algebra As: To identify D consider the
subalgebra CðS1ÞsaGn for the subgroup Gn generated by gn ¼ e2pi=2
n
: This
is naturally isomorphic to M2n ðCðS1ÞÞ through the correspondence of the
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0 0    0 z
1 0    0 0
0 1    0 0
. .
. ..
. ..
.
1 0
2
66666664
3
77777775
;
and the correspondence of the canonical unitary un for gn with the scalar
diagonal matrix
1
ln
l2n
. .
.
l2
n1
n
2
666666664
3
777777775
;
where ln ¼ e2pi=2
n
: (To make this explicit represent CðS1ÞsG on L2ðS1Þ by
multiplication and rotation operators and consider the eigenspace de-
composition of un:) Plainly, CðS1ÞsaG contains a natural subalgebra
isomorphic to M2n ðCÞ in which the diagonal subalgebra, Dn say, is the Cn-
algebra generated by un: Observe now the elementary but signiﬁcant fact
that the action of s on Dn is implemented by a permutation unitary. In
particular, the canonical unitary in the crossed product BssZ2 normalises
each Dn and so normalises D: Since the unitary f also normalises D it
follows now that BssZ2 is generated by the normaliser of D:
Theorem 2.3. A regular AF masa in an AF Cn-algebra need not be
standard regular.
Proof. We have D 
 B 
 As where As is the AF Cn-algebra BssZ2;
D is a regular AF masa in As and B is the Bunce–Deddens algebra. It
follows from Proposition 2.2 that D is not standard regular. ]
For other constructions generalising the example of Kumjian see [2].
It can be shown that the normalising element f in our example above
induces a homeomorphism of the spectrum of D with a single ﬁxed point.
Normalisers of standard regular masas are known not to have this property
and indeed ﬁxed point sets are relatively open. A regular masa with this
property is said to be a Cartan masa (see [20]). It seems to be an open
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(see for example [13]) whether AF Cartan masas are standard regular.
3. FUNCTORIALITY AND APPROXIMATE INNER
CONJUGACY
Let F be a family of star extendible homomorphisms between operator
algebras. The following terminology was introduced in [19].
Definition 3.1. LetF be a closed family of maps. ThenF is said to be
functorial if for any commuting diagram
in which the horizontal maps belong toF and the crossover maps are star-
extendible homomorphisms there are sequences ðmkÞ; ðnkÞ such that for the
induced diagram
the crossover maps belong to F:
The signiﬁcance of this property is that if the algebraic limit algebras of
the systems fAk;fkg; fBk; ykg are star extendibly isomorphic then this
isomorphism is necessarily anF-isomorphism, that is, it is induced by maps
from the family F: It follows that if G is a functor from a category of
digraph algebras, with morphisms from F; to the category of abelian
groups then (ifF is functorial) G extends to the category AlglimF with star
extendible morphisms. In particular, one can deﬁne regular partial isometry
homology groups (as deﬁned in [3 ,18]) for LimF ifF is a functorial family
of regular embeddings of digraph algebras.
We shall obtain the following.
Theorem 3.2. Let F be a functorial family of regular star extendible
homomorphisms between digraph algebras. Then for every algebra A in Alglim
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automorphism.
Also, we obtain the following converse for a saturated family of
connecting maps. A family F of regular maps between digraph algebras
is said to be saturated if it contains all regular maps A ! B for every pair
A; B which are the domain and range algebras of a map in F:
Theorem 3.3. Let F be a saturated family of regular star extendible
homomorphisms between digraph algebras and suppose that for every algebra
A in AlglimF any two regular masas of A are conjugate by an approximately
inner automorphism. Then F is functorial.
We require several lemmas and the following additional terminology. A
projection or partial isometry in a digraph algebra is said to be standard with
respect to a given masa, if it belongs to the normaliser of that masa. Also we
write rkðX Þ for the rank of an operator X in a ﬁnite dimensional Cn-algebra.
The proof of the ﬁrst lemma is routine.
Lemma 3.4. Let fP1; . . . ; Psg; fQ1; . . . ; Qsg be sets of pairwise orthogonal
standard projections in a digraph algebra A; and let E1; . . . ; Em be the minimal
projections of A \ An: If rkðEiPjEiÞ ¼ rkðEiQjEiÞ for all i; j; then there exists
a standard unitary U 2 A \An (which is in fact of permutation type) such
that UnPjU ¼ Qj for each 14j4s:
The next lemma shows that if two standard regular embeddings are inner
equivalent then they are also inner equivalent by a standard unitary.
Lemma 3.5. Let ðA1; C1Þ; ðA2; C2Þ be digraph algebras with specified
masas and let fi : A1 ! A2; i ¼ 1; 2 be standard regular embeddings for which
there exists a unitary U 2 A2 such that Unf1ðÞU ¼ f2ðÞ: Then there exists a
unitary V 2 NC2ðA2Þ such that V
nf1ðÞV ¼ f2ðÞ:
Proof. Since f1 and f2 are standard regular embeddings, we can
decompose each into a direct sum of multiplicity one maps,
f1 ¼ f
1
1  f
2
1      f
s
1;
f2 ¼ f
1
2  f
2
2      f
s
2:
We ﬁrst note that since f1 and f2 are unitarily equivalent, there is indeed the
same number of summands in each decomposition, as written. (This number
is simply the number of edges in the Bratteli diagram for the Cn-algebra
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i
1ð1Þ; Pi ¼ f
i
2ð1Þ; q
i
l ¼ f
i
1ðel;lÞ and p
i
l ¼ f
i
2ðel;lÞ:
Clearly, each qil and p
i
l is a rank one projection in C2 and Qi ¼
P
l q
i
l ;
Pi ¼
P
l p
i
l : Now, for each 14i4s; the map U
nfi1ðÞU is a multiplicity one
summand of f2 and by the uniqueness of decomposition, is unitarily
equivalent to fki2 for some 14ki4s: We note that since U is block diagonal,
rkðErqilErÞ ¼ rkðErp
ki
l ErÞ for each block projection Er in A2: Thus by Lemma
3.4, we can ﬁnd a unitary V1 2 NC2 ðA2Þ such that V
n
1 q
i
lV1 ¼ p
ki
l for all i; l:
Thus the maps AdV1 8f
i
1 and f
ki
2 agree on the diagonal matrix units. Since
these maps have multiplicity one and are star extendible it follows that they
are conjugate by a unitary in C2: Thus, f
i
1 and f
ki
2 are conjugate by a unitary
in NC2 ðA2Þ and the desired conclusion follows on combining these
equivalences. ]
We can now obtain a key regularising lemma.
Lemma 3.6. Let ðA1; C1Þ; ðA2; C2Þ; ðA3; C3Þ be digraph algebras with
specified masas and suppose that the following diagram commutes:
where f1 and y1 are standard regular and f2 is regular. Then there exists a
unitary U in the commutant of y1ðA1Þ in A3 such that AdU 8f2 is standard
regular.
Proof. Since f2 : A2 ! A3 is regular, there exists a unitary U1 2 A3 such
that AdU1 8f2 : A2 ! A3 is standard regular. Thus the maps y1 : A1 ! A3
and AdU1 8f2 8f1 : A1 ! A3 are unitarily equivalent standard regular
maps. By Lemma 3.5 we can ﬁnd a unitary U2 2 NC3ðA3Þ such that AdU2 8
AdU1 8f2 8f1 ¼ y1: Set U ¼ U1U2 and the map AdU 8f2 is standard
regular with AdU 8f2 8f1 ¼ y1; completing the proof. ]
We now obtain the uniqueness of masas in the following slightly stronger
formulation of Theorem 3.2.
Theorem 3.7. Let F be a functorial family of regular star extendible
embeddings between digraph algebras and let A; B be algebras of AlglimF
with standard regular masas C; D; respectively. If c :A ! B is a star
extendible isomorphism then c is approximately inner equivalent to an
isomorphism #c : A ! B with #cðCÞ ¼ D:
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ðA; CÞ ¼ alg lim
!
ððAk; CkÞ;fkÞ; ðB; DÞ ¼ alg lim
!
ððBk; DkÞ; ykÞ:
Since A and B are assumed to be isomorphic, there exists a commuting
diagram
which induces the given isomorphism c: By functoriality, we can extract a
sub-diagram
in which all of the embeddings labelled are compositions of the embeddings
in the original diagram and further the crossover maps ai and bi are regular,
but not necessarily standard regular, for each i:
We construct sequences of unitaries, Vˆi; Uˆi with the following
properties:
1. Vˆi 2 Bmi ; Uˆi 2 Aniþ1 ; i ¼ 1; 2; . . . ;
2. the maps #ai ¼ ðAdVˆi 8 aiÞ : Ani ! Bmi ; #bi ¼ ðAdUˆi 8 biÞ :Bmi ! Aniþ1
are standard regular,
3. #bi 8 #ai ¼ #fi; #aiþ1 8 #bi ¼ #yi for all i:
Firstly, since a1 : An1 ! Bm1 is regular, there exists a unitary Vˆ1 2 Bm1 such
that AdVˆ1 8 a1 is standard regular. Let #a1 ¼ AdVˆ1 8 a1: Now suppose we
have constructed unitaries Vˆ1; . . . ; Vˆk; Uˆ1; . . . ; Uˆk1 with the above proper-
ties. We now construct Uˆk and Vˆkþ1: Set b
0
k ¼ AdðbkðV
n
k ÞÞ 8 bk: Since
Vnk 2 Bmk is unitary, bkðV
n
k Þ 2 Ankþ1 is unitary (or may be extended to one if
bk is non unital) and for each a 2 Ank ;
b0k 8 #akðaÞ ¼ bkðVkÞbðV
n
k akðaÞVkÞbkðV
n
k Þ
¼ bkðVkV
n
k akðaÞVkV
n
k Þ
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¼ #fkðaÞ:
Since b0k is regular and the maps #ak and #fk are standard regular, by Lemma
3.5, we can ﬁnd a unitary Uk 2 Ankþ1 such that AdðUkÞ 8 b
0
k is standard
regular and AdðUkÞ 8 b
0
k 8 #ak ¼ #fk: Now set Uˆk ¼ bkðV
n
k ÞUk; and we obtain a
unitary with the required properties. Similarly, set a0kþ1 ¼ Adðakþ1ðUˆ
n
kÞÞ 8
akþ1 and repeat the above argument to ﬁnd a unitary Vkþ1 2 Bmkþ1 such that
AdðVkþ1Þ 8 a
0
kþ1 is standard regular and AdðVkþ1Þ 8 a
0
kþ1 8
#bk ¼ #yk: Now let
Vˆkþ1 ¼ akþ1ðUˆnkÞVkþ1: The required map #c is determined by the new
commuting diagram; that is #c ¼ limk #ak with inverse, limk #bk: It is clear from
the construction of #c that it is a star extendible isomorphism which is
approximately inner equivalent to c and that #cðCÞ ¼ D: ]
We now prove Theorem 3.3.
Proof. As before let ðA; CÞ; ðB; DÞ be algebras in AlglimF with standard
regular masas arising from direct systems ffk : ðAk; CkÞ ! ðAkþ1; Ckþ1Þg;
fyk : ðBk; DkÞ ! ðBkþ1; Dkþ1Þg respectively. Let c : A ! B be a star extend-
ible isomorphism. Then c is induced by a commuting diagram:
(after relabelling subsystems for notational simplicity) in which the
horizontal maps belong to F and the crossover maps are merely star
extendible. We wish to construct subsequences fnkg; fmkg such that the
crossover maps in the induced diagram:
all belong to F: We have that D0 ¼ cðCÞ is a standard regular masa in B
and by the uniqueness hypothesis there exists a sequence of unitaries, fUkg;
with Uk 2 Bk for all k which determines an automorphism w with D0 ¼ wðDÞ:
Since cðCÞ ¼ D0 it follows that cðNCðAÞÞ ¼ ND0 ðBÞ and we can ﬁnd
sequences fnkg; fmkg and corresponding crossover maps (as in the diagram
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akðNCnk ðAnk ÞÞ 
 NUnmk Dmk Umk ðBmk Þ;
bkðNUnmk Dmk Umk ðBmk ÞÞ 
 NCnkþ1 ðAnkþ1 Þ
for each k; where the maps ak and bk are compositions of the given
embeddings. Since Umk 2 Bmk and U
n
mk
Dmk Umk is a masa in Dmk it follows
that ak and bk are regular for all k: Since F is saturated these maps belong
to F; as required. ]
4. FUNCTORIALITY AND CLASSIFICATION
In this section we discuss the application of functoriality to two
classiﬁcation schemes for regular limit algebras, namely the spectrum and
the dimension module.
4.1. Functoriality and the Spectrum
Let F
reg
nest be the family of regular embeddings between ﬁnite-dimen-
sional nest algebras and let F
reg
Tr
be the subfamily of (star extendible)
maps between Tr-algebras, the nest algebras with r  r block upper
triangular structure. Also let F
reg
H be the family of regular maps between
H-algebras, where an H-algebra is a digraph algebra whose reduced digraph
is H :
The family F
reg
T2
is functorial for the trivial reason that all star extendible
maps between T2-algebras are regular (see [12]). The functoriality ofF
reg
T3
is
shown in [19] and we expect the familiesF
reg
Tr
; for r54; andFregnest also to be
functorial.
Let us, for convenience, say that H is functorial if F
reg
H is functorial.
From Donsig and Power [7, 8] and Power [19], it is known that various
bipartite graphs, including the 4-cycle graph D4; are not functorial. It would
be very interesting to determine precisely which digraphs H are functorial
since non-functoriality of necessity occurs in a subtle algebraic way. A
deeper understanding of this is necessary to determine invariants for the
approximate inner conjugacy classes of standard regular masas.
It is also natural to restrict to subclasses of regular embeddings. Thus, it is
known from [8] that the family of the so-called rigid embeddings between
2n-cycle algebras, for n53; is functorial. Also one of the key results in [14] is
that the subfamilies Flocnest and F
oc
nest of F
reg
nest; consisting of certain locally
order conserving embeddings and order conserving embeddings, respec-
tively, are functorial. (Order conserving maps are more general than the
order preserving maps previously considered in [6, 17].)
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ðA; CÞ ¼ lim
!
ððAk; CkÞ;fkÞ
one may construct a topological binary relation known as the spectrum.
This may be viewed as a non-commutative analogue of the spectrum of a
commutative Cn-algebra. Let fAk;fkg be a regular direct system as before
and let feki;jg be a matrix unit system for Ak such that for ﬁxed k the
projections feki;ig span Ck and fk maps each matrix unit e
k
i;j to a sum of
matrix units in fekþ1i;j g: Let MC denote the Gelfand space of C: The spectrum
is the binary relation consisting of the union of sets Ekij 
 MC  MC which
are the graphs of partial homeomorphisms aki;j of MC induced by the matrix
units, endowed with the topology generated by specifying the basic open sets
to be the Ekij : For further details on the spectrum see [18].
It is an elementary fact that a partial isometry in A which normalises C is
of the form cw with c a unitary in C and w a sum of matrix units. There is a
corresponding fact for closed limits given by Lemma 5.5 of [18], which is
important for the general theory. It follows from this that RðA;CÞ is, in fact,
independent of the choice of matrix unit system chosen for the pair ðA;CÞ:
We can now obtain the following.
Theorem 4.1. Let F be a functorial family of regular star extendible
maps between digraph algebras. Then for each algebra A in AlglimF the
spectrum RðAÞ is well defined and is a complete invariant for star extendible
isomorphism.
Proof. Theorem 3.2 and the discussion above shows that the spectrum is
a well-deﬁned invariant. The completeness of the invariant follows from
Theorem 7.5 of [18] simpliﬁed to the algebraic case. ]
4.2. Functoriality and Dimension Module Invariants
Recently in [19], the second author has introduced general dimension
module invariants for limit algebras, both algebraic and closed, associated
with certain families F of connecting embeddings. We shall review these
constructions and then show that the functoriality of F is the essential
requirement for the well deﬁnedness of the dimension module in the case of
certain algebraic limits.
In this section we widen the class of building block algebras to unital
subalgebras of ﬁnite-dimensional Cn-algebras, which we refer to as ﬁnitely
acting operator algebras. The conditions of the following deﬁnition are
natural requirements for a family of maps between building block algebras.
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between ﬁnitely acting operator algebras. Then F is said to be an
algebraically closed family if the following conditions hold.
(i) F is closed under unitary conjugation; if f : A1 ! A2 is inF; and u
is a unitary element of A2 (and hence of A2 \ An2) then Adu 8f is in F:
(ii) F is closed under compositions; if f : A1 ! A2 and if c : A2 ! A3
are in F then so too is c 8f:
(iii) F is matricially stable; if f : A1 ! A2 is in F then the map f
id :A1  Mn ! A2  Mn is in F:
(iv) F is sum closed; if f;c : A1 ! A2 are in F then the map f c
with domain A1 and range A2  M2 belongs to F:
The set of all regular unital star extendible maps Tr  Mn ! Tr  Mm;
for m; n 2 N; is an instance of a unital algebraically closed family, that is, one
for which all the maps are unital. On the other hand, it is natural to deﬁne a
matricially closed algebraically closed family as one which contains all the
multiplicity one (star extendible) maps A1 ! A1  Mn; for all n; and for all
algebras A1 which are the domain or range algebra of maps in F:
As a ﬁnal point of terminology we associate with the algebraically closed
family F the associated algebraically closed family *F of maps
c : E1      Ek ! F1      Fl ;
which are of the form S cij where each map cij : Ei ! Fj belongs to F:
Suppose now that E is a ﬁxed ﬁnitely acting operator algebra. To each
star extendible map f : E  Mn ! E  Mm; for n; m 2 N there is an
associated map *f in
HomðE K0; E K0Þ;
the set of star extendible endomorphisms of the stable algebra of E: Here we
write K0 for the (unclosed) stable algebra M1ðCÞ of C: The set of these
maps is closed under compositions and closed under the sum operation, as
in (iv) above. It follows that the set of unitary equivalence classes [ *f], which
we indicate as
HomuðE K0; E K0Þ
has the structure of a semiring with additive unit, namely the class of the
zero map. (Unitaries here are taken, as usual, in the unitisation of E K0:)
WriteFE for the set of all maps f as above. IfF 
FE is an algebraically
closed family then we write VF for the subsemiring of HomuðE K0; E 
K0Þ determined by the classes [ *f] for f in F:
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are discussed more fully in [19].
1. For E ¼ C; VFE is the semiring Zþ:
2. For F ¼FregTr ; VF is a semigroup semiring Zþ½Sr; where Sr is the
semigroup of order-preserving maps from f1; . . . ; rg to f1; . . . ; rg:
3. For the operator algebra E 
 M2 consisting of the matrices
a b
0 a
" #
;
the semiring VFE is isomorphic to
Zþ½S1  Zþ;
where the elements y 0 (with y 2 S1) and 0 1 correspond, respectively,
to the classes of the maps
a b
0 a
" #
!
a by
a
" #
;
a b
a
" #
!
a b 0 0
0 a 0 0
a b
0 a
2
6664
3
7775:
4. For FT3 the semiring VFT3 is uncountable.
5. Let E be the operator algebra in M3  M2  M2 given by the set
of matrices
a x z
b y
c
2
64
3
75 a x
b
" #

b y
c
" #
:
Although E is isometrically isomorphic to T3 it is not star extendibly
isomorphic. Moreover, in contrast with T3; the semiring VFE is ﬁnitely
generated. In fact, VFE is a ﬁnite semigroup semiring.
For the remainder of the section we assume that F is an algebraically
closed subfamily of FE : Following the next deﬁnition we deﬁne the
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A ¼ alg lim
!
ðAk;fkÞ:
The issue we shall address is to determine condition on F under which the
right VF-module VFðAÞ is independent of the choice of presentation.
Let A 2 Alglim *F with presentation
alg lim
!
ðAk;fkÞ
with each fk 2 *F: Each algebra Ak is a direct sum of E-algebras, that is, an
algebra of the form
B ¼ E  Mn1      E  Mnr :
Deﬁne VFðAkÞ to be the monoid of inner unitary equivalence classes of star
extendible homomorphisms c : E ! B K0; where the partial embeddings
belong to F: Then VFðAkÞ is naturally a direct sum of r copies of VF with
the natural right VF-module structure.
For each k we have the induced VF-module homomorphism
#fk : VFðAkÞ ! VFðAkþ1Þ
given by
#fkð½cÞ ¼ ½fk 8c:
Plainly #f respects the right VF-action, which is to say that for ½y in VF;
#fkð½c½yÞ ¼ ð #fkð½cÞÞ½y:
Definition 4.3. Let F 
FE be an algebraically closed family. The
dimension module of the direct system fAk;fkg; for the family F; is the
right VF-module
VFðfAk;fkgÞ ¼ lim!
ðVFðAkÞ; #fkÞ:
The direct limit is taken in the category of additive abelian semigroups
and endowed with the induced right VF-action. We tentatively deﬁne VFðAÞ
to be the VF-module VFðfAk;fkgÞ:
Note that if E ¼ C then VF ¼ Zþ and VFðAÞ is naturally isomorphic to
the positive cone K0ðAÞþ:
Deﬁne the scale SFðAkÞ of VFðAkÞ as the subset of classes ½c for maps
c :E ! Ak where Ak is identiﬁed with Ak  Cp for some rank one
projection p: Also, deﬁne the scale SFðAÞ of VFðAÞ to be the union of the
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group of VFðAÞ we obtain the scaled ordered abelian group
ðGFðAÞ; VFðAÞ;SFðAÞÞ
endowed with the VF-module structure.
In [19] it was shown that VF has cancellation and the following
classiﬁcation was obtained. This generalises the scaled K0-group classiﬁca-
tion (as in [9]) for the case E ¼ C of ultramatricial algebras.
Theorem 4.4. Let E 
 Mn be an operator algebra, let F 
FE be an
algebraically closed family of maps and let A; A0 belong to Alglimð *FÞ: If G is
a VF-module isomorphism from VFðAÞ to VFðA0Þ then A K0 and A0 
K0 are star extendibly isomorphic. If, moreover, G gives a bijection from
SFðAÞ to SFðA0Þ then A and A0 are star extendibly isomorphic. If F is
functorial then the converse of these assertions hold and the VF-module VF
ðÞ is a complete invariant for stable star extendible isomorphism, whilst the
pair ðVFðÞ;SFðÞÞ is a complete invariant for star extendible isomorphism.
The ﬁrst part of the theorem is proven by showing that G can be lifted to a
star extendible isomorphism F : A ! A0: The lifting is not, of course,
unique, although liftings are unique up to approximate inner equivalence.
We now obtain a new involvement of functoriality in connection with the
(tentative) dimension module invariant VFðAÞ: The following deﬁnition of
functoriality for VFðÞ is a natural formulation of the well deﬁnedness of
VFðÞ for the category AlglimF: The theorem below shows that the
functoriality of F is necessary for this well deﬁnedness.
Definition 4.5. The dimension module VFðfAk;fkgÞ is said to be
functorial for the category AlglimF if for any star extendible isomorphism
F : A ! B between limit algebras
A ¼ alg lim
!
ðAk;fkÞ; B ¼ alg lim
!
ðBk; ykÞ
in AlglimF there is a VF-module isomorphism G : VFðfAk;fkgÞ
! VFðfBk; ykgÞ with lifting equal to F:
Theorem 4.6. VFðÞ is functorial for AlglimF if and only if F is a
functorial family.
Proof. That VFðÞ is functorial ifF is functorial is immediate. Suppose
then that VFðÞ is functorial and let F : A ! B be a star extendible
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ak; bk as in the statement of Deﬁnition 3.1.
Let G : VFðAÞ ! VFðBÞ be a VFðÞ-module isomorphism with lifting
equal to F: First (irrespective of this lifting), we construct a natural map
#c :VFðA1Þ ! VFðBm1Þ so that the following diagram commutes.
VFðA1Þ ! VFðfAk;fkgÞ
# #c # G
VFðBm1 Þ ! VFðfBk; ykgÞ
Let Z :E ! E be the identity map, with class ½Z in VF: Let ½Z1 denote
the corresponding class in VFðA1Þ with image ½Z1 in VFðfAk;fkgÞ: Then
Gð½Z1Þ ¼ g for some element g in VFðfAk; ykgÞ which in turn is the image of
a class ½c in VFðBm1Þ; for some m1; where c belongs toF: Since the natural
maps
VFðA1Þ ! VFðfAk;fkgÞ ! VFðfBk; ykgÞ
VFðBm1 Þ ! VFðfBk; ykgÞ
are VF-module maps and ½Z is a generator for VFðA1Þ as a VF-module, the
desired diagram follows.
Since G is induced by F; by hypothesis, we may increase m1; if necessary,
so that #c agrees with the induced map g : VFðA1Þ ! VFðBm1 Þ given by
gð½yÞ ¼ ½f 8 y where f : A1 ! Bm1 is the restriction of F in A1 and m1 is
suitably large. Thus in particular, ½f ¼ ½f 8 Z ¼ g½Z is a class in VFðBm1 Þ
which is to say, sinceF is closed under unitary conjugation, that f belongs
to F: Note that f has the form
ar 8 ar1 8    8 a1:
Since G1 is induced by F1 we deduce that F is functorial. ]
5. APPROXIMATE FUNCTORIALITY AND CLOSED LIMITS
We now turn our attention to the operator algebras determined by the
closed limits of regular systems and obtain standard regular masa
uniqueness for algebras determined by an approximately functorial family,
at least in the case of perturbationally stable digraph algebras. Furthermore,
it has been a folk lore conjecture that, as in the self-adjoint case, two (closed)
regular limit algebras are (isometrically) isomorphic if and only if their
corresponding algebraic limits are isomorphic. An isomorphism between
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the closures of the algebras. However to construct a map between algebraic
limits given a map between the closures is extremely problematic and the
issue remains open in general. We provide a partial solution to this problem
and prove that the conjecture holds for algebras built from certain
approximately functorial families.
The following two key lemmas will enable us to bring to bear the results
of Section 3. We remark that elementary examples show that close star
extendible embeddings need not be inner unitarily equivalent.
Lemma 5.1. Let A1 and A2 be digraph algebras. Then there is a constant c
such that if fi : A1 ! A2 for i ¼ 1; 2 are regular maps and jjf1  f2jjoc;
where c ¼ cðA1Þ depends only on the reduced digraph of A1; then there exists a
unitary U 2 A2 such that f2ðÞ ¼ AdðUÞ 8f1ðÞ:
Proof. The lemma follows readily from the special (triangular) case in
which A1 is the digraph algebra AðGÞ with G a connected reduced digraph.
Let p1; . . . ; pr be the (rank one) atomic projections of A1 \ An1 and let
P1; . . . ; Ps denote the block projections in A2: Note that if a : A1 ! A2 is a
multiplicity one star extendible embedding, then there is an associated index
map p : f1; . . . ; rg ! f1; . . . ; sg such that PpðiÞaðpiÞa0; for i ¼ 1; . . . ; r:
Moreover, it is elementary to prove that p is a complete inner conjugacy
invariant for a:
We next note the following simple algebraic criterion that a regular map
f :A1 ! A2 should possess a multiplicity one summand inner conjugate to a
in its decomposition.
Let v1; v2; . . . ; vn be a sequence of matrix units taken from A1 or An1 with
the following two properties.
1. The product v1v2 . . . vn is a non-zero projection.
2. Each pi is the initial or ﬁnal projection of at least one vj :
Then, writing #aðpiÞ for the block projection PpðiÞ and denoting the star
extension of a by a also, we have
0aaðv1v2 . . . vnÞ
¼ aðv1Þ#aðvn1v1Þaðv2Þ#aðv
n
2v2Þ . . . aðvnÞ#aðv
n
nvnÞ:
On the other hand, if b : A1 ! A2 is a multiplicity one embedding which is
not conjugate to a then
0 ¼ bðv1Þ#aðvn1v1Þbðv2Þ#aðv
n
2v2Þ . . . bðvnÞ#aðv
n
nvnÞ:
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then the product
fðv1Þ#aðvn1v1Þfðv2Þ#aðv
n
2v2Þ . . .fðvnÞ#aðv
n
nvnÞ
splits as a corresponding direct sum of products, one for each summand,
and so we conclude that this ‘‘test product’’ is non-zero precisely when f has
a summand conjugate to a: Now, if jjf1  f2jj4
1
nþ1 then, for each a; the test
product for f1 is at most distance
n
nþ1 from the test product for f2: Since test
products have norm zero or one, the statement will follow by a simple
induction argument on the number of summands in the decomposition
for f1: ]
The next lemma is a stable version of Lemma 3.6.
Lemma 5.2. Let ðA1; C1Þ; ðA2; C2Þ; ðA3; C3Þ; be digraph algebras with
chosen masas and let y1 : A1 ! A3 and f1 : A1 ! A2 be standard regular
maps. There exists a constant c ¼ cðA1Þ such that if f2 : A2 ! A3 is a (merely)
regular map with jjf2 8f1  y1jjoc; then there exists a unitary U 2 A3 such
that AdðUÞ 8f2 is standard regular and AdðUÞ 8f2 8f1 ¼ y1:
Proof. Since jjf2 8f1  y1jjoc; it follows from Lemma 6.1 that the maps
f2 8f1 and y1 are inner conjugate. Let V 2 A3 be a unitary such that
AdðV Þ 8f2 8f1 ¼ y1: Replace f2 by the regular map AdðV Þ 8f2 and we can
apply Lemma 3.6 to establish the claim.
We say that a diagram
is approximately commuting if
Sjjfk  nk 8 mk jj þ Sjjck  mkþ1 8 nk jjo1:
It is well known and easy to verify that such a diagram determines a star
extendible isomorphism between the two limit algebras determined by the
horizontal maps. The converse of this certainly holds if the building block
algebras form a perturbationally stable family in the sense of the following
deﬁnition from Power [19]. This property was established for Tr-algebras
in [11].
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d A2 whenever for each a1 2 ballðA1Þ there exists a2 2
ballðA2Þ with jja1  a2jjod: ]
Definition 5.3. Let E be a family of ﬁnitely acting operator algebras.
Then E has the stability property, or is perturbationally stable, if for each
algebra A1 in E and e > 0 there is a d > 0 such that to each algebra A2 in E
and star-extendible embedding
f : A1 ! CnðA2Þ; with fðA1Þ 
d A2
there is a star-extendible embedding c : A1 ! A2 with jjf cjj4e:
Let F be a family of maps and let a be star-extendible. We shall write
distða;FÞ for inffjja fjj : f 2Fg:
Definition 5.4. Let F be a family of maps between digraph algebras
and let
be an approximately commuting diagram in which all the connecting
(horizontal) maps belong to F: Then F is said to be approximately
functorial if for all such diagrams an approximately commuting sub-
diagram
can be found in which distðank ;FÞ ! 0 and distðbnk ;FÞ ! 0 as k !1:
Theorem 5.5. Let F be an approximately functorial family of regular
maps between digraph algebras from a perturbationally stable family. Then we
have the following:
1. Any two standard regular masas of an algebra in LimF are
conjugate by an approximately inner automorphism.
2. Whenever F :A ! B is an isomorphism between algebras in LimF;
there exists an isomorphism c : A ! B between the corresponding algebraic
limits for the systems giving rise to A and B: Moreover, the extension of c to
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inner equivalent to F:
Proof. It will be enough to prove the second assertion. Let A and B be
isomorphic algebras in LimF arising from the regular systems fðAk; CkÞ;
fkg and fðBk; DkÞ; ykg; respectively. Further, let A and B denote the
algebraic limits of these systems. Let F :A ! B denote the given
isomorphism which, by perturbational stability, is determined by the
approximately commuting diagram
By approximate functoriality we can ﬁnd an approximately commuting sub-
diagram (which we relabel for notational convenience)
where the crossover maps belong to F: We may further assume that
jjbi 8 ai  fijjocðAiÞ;
jjaiþ1 8 bi  yi jjocðBiÞ
for all i:
We can now repeat the argument of the proof of Theorem 3.7 except we
use the more powerful Lemma 5.2 to construct the sequences of unitaries,
Vˆi; Uˆi to create an exactly commuting diagram:
which induces an isomorphism c between the algebraic limits, A and B: The
continuous extension C of c to the closed limits is approximately inner
equivalent to F by construction. ]
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between digraph algebras coming from a perturbationally stable family.
Suppose that for every algebra in LimF any two standard regular masas are
conjugate by an approximately inner automorphism. Then F is approximately
functorial.
The proof is entirely analogous to the proof of Theorem 3.3.
It has been shown in [10] that the family of regular embeddings between
T3-algebras is approximately functorial. This is a result of some depth; in
contrast to maps between T2-algebras, star extendible algebra homomorph-
isms between T3-algebras need not be regular. Combining this with the
results above, and the stability result of [11], we obtain the theorems below.
We conjecture that standard regular masas are similarly unique in the Tr
case for all r:
Theorem 5.7. Two standard regular masas in an operator algebra limit of
T3-algebras are conjugate by an approximately inner automorphism.
Theorem 5.8. Two algebras of AlglimFregT3 are star extendibly iso-
morphic if and only if their norm closures are isomorphic.
Theorem 5.9. The spectrum is a well-defined complete isometric iso-
morphism invariant for the operator algebras of LimF
reg
T3
:
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